This paper is devoted to find the exact solution of the harmonic oscillator in a position-dependent 4-dimensional noncommutative phase space. The noncommutative phase space that we consider is described by the commutation relations between coordinates and momenta:
Introduction
Noncommutative (NC) geometry plays an increasing role in the search of a unifying theory of gravity and quantum mechanics and is a framework built for understanding physics at short distances. Within this framework, the past two decades have witnessed important progresses toward the solution of various quantum models, in particular, the harmonic oscillator in NC spaces. There exists a large number of papers which address this class of problem. We will focus on the most recent developments discussing particular tractable models and specific ways to realize NC spaces called Moyal spaces [1] - [22] .
The Moyal type NC space is a concrete proposal for a space where the coordinate operatorsx µ satisfy the commutation relation
and where θ µν is an antisymmetric tensor of space dimension (length) 2 . The noncommutativity specified by (1) can be as well realized in terms of a star product. In this point of view, the ordinary multiplication of functions is replaced by the Moyal star product defined for f, g ∈ C ∞ (R D ) by
Then the commutation relation (1) becomes
with now commuting coordinates x µ . The noncommutativity of space coordinates can be naturally incorporated into the quantum field theory framework. Subsequently, NC field theories and quantum mechanics have studied extensively [2] . There is however a more general structure extending the Moyal brackets (3) . Consider that one replaces the commutation relation (1) by following [6] - [7] [
where e(x) is an arbitrary dimensionless function which depends on the coordinates. The same space can be again realized using another star product called the twisted Moyal product generalizing (2) . Taking e(x) positive, the star product
can be used to generate
now extending (3) . The choice of the function e(x) depends on the physical considerations which may encode minimal length [4] or the integrability of some dynamical Hamiltonians [8] .
We emphasize the fact that a necessary condition for having an associative star product from (5) is given by
. This is not however a sufficient condition. The associativity of the twisted star product implies the Jacobi identity
The particular case of the structure function
where ω µ x µ is dimensionless and ω µ ∈ R, leads to
For such a choice of the function e(x), the associativity of the star product (5) can be shown even for the non-vanishing tensor ω σ [8] . From this point, the authors of [8] were able to derive the equivalent of the so-called matrix basis of the Moyal plane [10, 9] . NC spaces can be slightly more general than the above. For instance there are several developments around the so called NC quantum mechanics [13, 18, 19, 20, 21] . NC quantum mechanics [20] can be also described by introducing commutation relations between coordinate and momentum even also between momentum and momentum. Thus (6) can be extended to a 2D NC phase space as follows
where θ,θ and ef f are constant but e(x) = 1 + ω 1 x 1 + ω 2 x 2 is still a function. The present work highlights the spectrum of the harmonic oscillator in this twisted NC phase space defined by the commutation relations (10) , with the restriction ω 1 = 0. We show, using a particular transformation of the basic degrees of freedom that the total nonlinear harmonic oscillator Hamiltonian factorizes. From that point, the model becomes solvable.
The paper is organized as follows. In section 2, we give some useful results concerning the deformation of the NC phase space (10) . Then, the spectrum and states of the harmonic oscillator are solved. We give a summary of our results in section 3.
Position-dependent NC quantum mechanics
This section addresses the construction of a position-dependent NC star product which is induced by the deformation (10) . We start with the following definition.
Definition 1 (Twisted Moyal algebra). Consider the set
, the free algebra generated by E. Let I be the ideal of 
The Moyal algebra can be also defined as the linear space of smooth and rapidly decreasing functions equipped with the NC star product given in the form f ⋆g = m (⋆ θ ⋆ ef f ⋆θ)(f ⊗g) , such that
For D = 2, we set
and we will restrict the NC structure tensors to the following:
For f ∈ C ∞ (R 4 ), the following relations are satisfied
The commutation relation (11) can be deduced from (16) and (17) .
We can now introduce a model on that twisted NC space. Let us consider the NC harmonic oscillator described by the Hamiltonian
In (18), the mass parameter and the oscillator constant are taken to be 1. The Hamiltonian (18) is invariant under the phase space rotation. We now address the problem we want to solve.
We will solve the eigenvalue problem associated with (18) in the NC phase space
A way to solve the eigenvalue problem of a quantum Hamiltonian is its factorization. In the following, will introduce a particular type of factorization. The eigenvalue problem (19) can be split into two equations given by
where, by expansion of the twisted star product, one should obtain the real and imaginary part corresponding to (19) as:
and
Note that the eigenvalue equation (19) can be also written as ψ ⋆ H = Eψ, due to the fact that f ⋆ g = g ⋆ f . Equations (20) with the Hamiltonians (21) and (22) are nonlinear. However after putting a restriction on the type of noncommutativity that we use, we will provide solution to these equations.
Let us assume that ω 1 = 0 or ω 2 = 0. Consider the transformation T mapping coordinates (x, p) to the new variables ( x, p) given by
For θ > 0, the transformation T is invertible in the positive domain of the plane (x 1 , x 2 ) given by relation e(x) = 1 + ω 1
The inverse transformation T −1 is given by
Let us immediately remark that the transformation (25) break the ordinary limit of the theory i.e. the limit θ → 0 cannot be taken into account. To recover this inconvenience we can use the renormalization procedures, which will be addressed in forthcoming work. Under T , the algebra M θθ ef f is transformed as
The nonvanishing commutation relations satisfied by the new variables are given by the following:
[
The ordinary recipes that are known for diagonalizing the algebra do not work in this instance because of the presence of the function e(x). However, restricting to the case ω 1 = 0 and ω 2 = 0, we have
Therefore, for simplicity by setting ω 1 = 0 and ω 2 = 1 = γ, we understand that the transformation T simply induces a rotation in the plane (
. Note that such a transformation cannot be defined in the case of the Moyal plane determined by the limiting situation ω 1 = ω 2 = 0. Furthermore, it can be noticed that the restriction (28) clearly breaks the symmetry between the coordinates x 1 and x 2 . In any case, the following analysis finds an analog when we consider ω 2 = 0, ω 1 = 0.
We obtain the final commutation relations
As a consequence, the algebra M θθ ef f splits into two sectors M θ and Mθ such that
where the algebras M θ and Mθ are each of the Moyal-type defined such that 
where y 1,2 = x 1,2 and y 3,4 = p 1,2 . For simplicity, we set γ = 1, ω 2 = 2 andθ = 1. Using (28), the Hamiltonian (18) takes the form
where
Now using the commutation relations (29), we get
It appears clear that the star product ⋆ = ⋆ θ ⋆ ef f ⋆θ gets mapped as
with
Then, the new coordinate and momentum operators can be described by the following relations
The initial Hamiltonian has been factorized into two commuting sectors. We can first study the spectrum of Hamiltonian H 1 ( x 1 , x 2 ) so called supersymmetric Liouville Hamiltonian. Using (37), the Hamiltonian in this sector takes the form
For a real E 1 and a wave function ψ 1,E 1 , the eigenvalue problem
can be re-expressed into two parts: the real part is given by
whereas the imaginary part expresses as
To solve consistently the equations (39) and (40), we will use a fact about the Taylor expansion of an arbitrary function ψ(x), for the small values of parameter ǫ as
Then summing (41) and (42), we get
We restrict to the case where ǫ = i and ǫ = i 2
. Then follow from the identities
cos
The equation (40) can be simply written as
Using the above relations, we then get the new equation corresponding to (39) as
In [14] , the recursive properties of the Meijer G-function can be used to compute the eigenvectors ψ 1,E 1 ( x 1 ) as 
where H n stand for the Hermite polynomial and the oscillator energy as E 2 = n + 1 2
. Finally the solution of Hamiltonian (18) is then
We conclude that the spectrum of the Hamiltonian H is composed by two sectors: A continuum part in the sector H 1 and a discrete one in the sector H 2 .
Conclusion
In this work, following our previous approach [7] and results based on [14] , we have found the eigenvalues and eigenvectors of the harmonic oscillator in the twisted Moyal space with function structure e(x) = 1+ω 2 x 2 . We have introduced a particular transformation which has allowed us to split the total twisted Moyal algebra into two parts in which the Hamiltonian was written in two commuting pieces.
Let us remark that the solution (53) exhibits the lack of commutative limit θ → 0. This inconvenience is due to the form of the scale transformation T . Therefore the solution obtained in relation (51) need to be renormalized. Note also that it is a more difficult problem to find a solution for the harmonic oscillator in the more symmetric case of e(x) = 1 + ω µ x µ . This two tangles deserves to be investigated.
